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CONCLUSION
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INTRODUCTION

Theorem (Das, Marin)

CK and IK do not prove the same (-free formulas:
» CKt/——0OL1 — 0L, and
» IKF--0L 0L

Theorem (P.)
CKB and IKB prove the same formulas.
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THE LOGIC CK

CKis the least set of formulas containing:
» intuitionistic tautologies;
» Kg:=0O(p = ¢) = (Qp — Ov);
> Ko :=0(p = ¢) = (O = 0Y);

and closed under

(Nec) DLZD and (MP) W
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THE LOGICS CKB, IK, AND IKB

Let
> FS:= (Qp — Oy) - O(p — ¥);
» DP:=O(p V) — Qo VO,
» N:=-0L;
» B :=P — OOP; and
> B, := OOP — P.
Then:
» CKB := CK+ {Bo,By};
» IK:= CK+ {FS,DP,N}; and
» IKB:=IK+ {Bg,By} = CKB + {FS,DP,N}.
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CK-MODELS

A CK-model is a tuple M = (W, W, <R, V) where:
» W is the set of possible worlds;
» WL C W is the set of fallible worlds;
» the intuitionistic relation < is a reflexive and transitive
relation over W;
» the modal relation R is a relation over W;
» V :Prop — P(W) is a valuation function.
We require:
» ifw <vand w € V(P), thenv € V(P);
» for all P € Prop, Wt C V(P);
» if w € W+ and either w < v or wRo, then v € W-+.
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IK-MODELS

An IK-model is a CK-model where:

> WL =0;
» R is forward and backward confluent:
< <
w - W ) =0 =m0 = gl
1 1
| |
R 'R R 'R
| |
B======= s o v —— ¢
Z v » v

An IKB-model is an IK-model where R is symmetric.
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VALUATION

M,w = Piffw € V(P);

M,w = Liffwc Wt;

M,wkE o AYiff M,w = g and M, w = ;
M,wkEeVyiff Mw = ¢ or M,w = 9;

M,w | p — iff, forallv e W,ifw <vand M,v | ¢,
then M, v = ¢;

M, w = Oy iff, for all v,u € W, if w < v and vRu, then
M,u = ¢; and

» M,w = Qpiff, forallv € W, if w < v then, there is u such
that vRu and M, u |= ¢.

vVvyyvYyVvyy

v
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MAIN THEOREM

Theorem

For all modal formula , the following are equivalent:
1. CKB - ¢;
2. IKBF ; and
3. IKB = ¢.
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SYMMETRY IMPLIES CONFLUENCES COINCIDE

Lemma
Let M be a CK-model where the modal relation ~ is symmetric.

Then ~ is forward confluent iff ~ is backward confluent.

< =
w—>wl W) =====c %w/
~ ~
| |
| |

~ |~ ~ |~
| |

. .

V------- >,U/ 04),0/

<
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SYMMETRY IMPLIES CONFLUENCE IS NECESSARY

Lemma

There is a CK-model M = (W, W=, <, ~, V) and w € W such that:
» ~ isa symmetric relation;
» B := P — OOP does not hold at w.

w k=P

=
U*>z)'
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EXISTING RESULTS

Theorem (Arisaka, Das, Strafiburger)
CKB F DP and CKB I~ N.

Theorem (De Groot, Shillito, Clouston)

Let M = (W, W=, <, R, V) be a CK-model. Then:

» Suppose that, for all w,v € W, wRv, and v € W implies
w € Wt. Then M = N.

» Suppose that R is forward and backward confluent. Then
M = DPand M = FS.
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A CANONICAL MODEL FOR CKB

A (consistent) CKB-theory I is a set of formulas such that:
» T contains all the axioms of CKB and is closed under MP;
» ifoVvey el, thenp €T ory €T
> 1 ¢T.

Definition

The CKB-canonical model is M, := (W., W+, <., ~¢, V) where:
» W, :={I'| I'is a CKB-theory};
> Wi =0);

> I =< Aiff T C A;

> I~ Aiff {p |OpeT}CAand A C{p | Qp T},

» eV (P)iff PeT.
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TRUTH LEMMA
Lemma
The CKB-canonical model M, is an IKB-model.
The following lemma uses standard techniques:

Lemma

Let M, be the CKB-canonical model.
For all formula ¢ and for all CKB-theory T,

Above, we use Zorn’s Lemma to prove:

» Oop ¢ T'implies I' = Oy; and
» Op € T'impliesT' = Q.
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CONCLUSION

While, in general, constructive and intuitionistic versions of the
same logic do not coincide, we have:

Theorem (P.)
CKB and |KB prove the same formulas.
This result extends to logics proving the axiom B. For example:

Corollary
CS5 = |IS5.
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AN OPEN PROBLEM

Characterize necessary and sufficient conditions for CK-frames
to validate the axioms in the modal cube:

» Bp:=P — 0OO0P, By := O0OP — P;

» 40 :=0P — 0O0OP, 4 := OOP — OP;
» 55 := QP — 0OOP, 5, := 00OP — OP;
» Tq:=0P — P, Ty :=P — OP;and
» D :=[P — OP.

Characterize necessary and sufficient conditions for CK-frames
to validate the axioms:

> Lyix := 0(0=P Vv P) — OP;
> Lo :=0(0P — P) - OP;
> Ly :=OP = O(P A —=OP).
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