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INTRODUCTION

modal logic = propositional logic + O + ¢.
» Two main non-classical varieties:
» constructive modal logic, and
» intuitionistic modal logic.
» [ want to axiomatize constructive and intuitionistic
versions of the logic GL.
» A proof theoretic characterization of IGL was given by
Das, van der Giessen and Marin.
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AN AXIOMATIZATION FOR CONSTRUCTIVE GL?

Axioms
» all intuitionistic tautologies;
> Kg:=0O(p = ¢) > Op — Ov);
> Ko :=U(p = ¢¥) = (Op = O¢);
> 45 := Up — OOy;
> 4 := OO0 — Op; and
> Lo :=0(0p — ) — Oep.

Rules:
o p—=YP

(Nec) Di;p and (MP) "
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SEMANTICS FOR CONSTRUCTIVE GL?

Bi-relational Kripke models M = (W, W+, < R, V) where:
» W is the set of possible worlds;
» WL C W is the set of fallible worlds;
» < is areflexive and transitive relation over W;
» [ is a transitive relation over W; and
» V :Prop — P(W) is a valuation function.
We require that:
> Wt C V(P);
» w<vandw € V(P), thenv € V(P);
» there is no infinite sequence wy <;C wy =;C wp <;C -+ -5
» forallw C v <7/, thereis w’ such thatw < w' C ©'.
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VALUATIONS

Given M = (W, W+, <, R, V), define

10|

= {w | forallvand w, if w < vand v C u, then u € |||}

10
.= {w | for all v if w < v, then there is v T u such that u € |||}
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THE DUAL OF LOB’S THEOREM

Ly := OP — O(P AO—=P) of fails at w;:
Wy —— Wy
= =

01 (%] U3
C C

(P holds everywhere.)
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FAILURE TO PROVE THE COMPLETENESS

Proofs of completeness using finitary canonical models seem to
need some diamond version of

Lo :=00¢ — ¢) = Op.

Two questions:
» Is the axiomatization described above complete?

» If not, what extra axiom is needed?
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