CONSTRUCTIVE MODAL LOGIC p-CALCULUS nCS5
0000 000000 0000
!

Game semantics for the constructive
u~calculus

Leonardo Pacheco
TU Wien

16 November 2023

Available at: leonardopacheco.xyz/slides/lanmr2023.pdf



CONSTRUCTIVE MODAL LOGIC p-CALCULUS nCS5
€000 000000 0000
:

AXIOMATIZATION

The axioms of CK are:

» all intuitionistic tautologies;

> K:=0(p =) = (Op = Oy) AO(p = ¢) = (Op = OY);
CS5 is closed under necessitation and modus ponens:
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SEMANTICS FOR CONSTRUCTIVE MODAL LOGIC

Constructive Kripke model are tuples (W, W, < R, V) with:
» W = set of possible worlds;
» WL = set of fallible worlds;
» =< = intuitionistic relation;
» R = modal relation;
» V = valuation.

We require that wR; < v implies w <; Ro.
Define:

> M, w = Oy iff Vo > wYu.oRu implies M, u |= ¢;
» M,w = Oy iff Vo = w3u.vRu and M, u = .

Theorem

CK is complete over constructive Kripke frames.
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GAME SEMANTICS — |

Given a formula ¢, a Kripke model M and a world w, we define
an evaluation game for M, w = ¢

» Two players: | and II;

» Two roles: Verifier and Refuter, | starts as Verifier;
» Examples of moves;
> At (¢ A 0, w), Refuter moves to one of (¢, w) and (6, w).
> At (O, w), Refuter picks v = w and Verifier picks u with
vRu, the players move to (¢, u).
> At (-1, w), the players switch roles and move to (¢, w).
> At (P,w), Verifier wins iff w € V(P).

» M, w |= g iff Verifier wins the evaluation game.
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AN ASIDE — OTHER CONSTRUCTIVE VARIATIONS

We get IK by adding to CK the axioms:
> FS = (0p — O¢) = O(p — ¥);
» DP:=O(p V) = Op Vv Oy; and
> N =01

We get GK by adding to IK the axiom:
> GD:=(p =) V(Y= p).

These systems are complete over certain classes of constructive
Kripke frames.
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BASIC DEFINITIONS

The constructive py-formulas are defined by the following
grammar:

@:=P|X|L|T|-0lorng|eVeleo—=¢o|Op|0p|pXe|vXe,
uX.p and vX.p are defined iff X is positive* in ¢.
The semantics for p and v are as follows:

> M,w = uX.piff wis in the least fixed point of I' (x);

> M,w = vX.piff wis in the greatest fixed point of I' ,(x),

where
T (A) = [lpA) M.
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EVALUATING puX.PV OX

» Let M be a Kripke model.
» ||uX.P Vv OX||M is the least fixed-point of A +— PV QA.
» We can approximate this fixed-point by

0 |[PM— |PVOPIM — [PV OPV OOP|M — -

» We have
uX.PVOX=PVOPV OOPV - --
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GAME SEMANTICS — II

Consider the evaluation game for 4 X.P V OX:
» From (uX.PV ¢X,v), the players move to (P V {X, v).
» From (X, v), the players move to (uX.P Vv X, v).

» Verifier loses if the operator ;X is not regenerated
infinitely often.

» That is, Verifier loses all infinite runs.
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EVALUATING
vXuY.p(X,Y) :=vXuY.(PAOX) V (=P A QY)

» Let M be a constructive Kripke model.

> |[vXuY.p(X,Y)||Mis the least fixed-point of
A pY.p(AY).
» To approximate this fixed-point, we do as follows:
XO = W,‘
Yy is the least-fixed point of I',(x,,v);
X1 := [|lp(Xo, Yo) I
Y1 is the least-fixed point of I',,(x, v);

Xat1 1= H‘»D(meoc)HM?

Yo 41 is the least-fixed point of ', x,, ., v);

VYVVYVYVYYVYY

> ||[vXuY.p(X,Y)| is the least X,, such that X, = X,1.
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GAME SEMANTICS — III

» Let nX.1x be the infinitely often regenerated formula with
biggest scope.

» The player on role of Verifier at (nX.1x, v) wins iff 7 is v.
» The complete set of rules is:

Verifier
Position Admissible moves
(0,91 V 92) {{v, ¥1), (0, ¥2)}
(v, Yo ?1) { (v, ) and exchange roles, (v, 1) }
((0), ¥) {{u,¥) | o C u}
(v,P) andv & V(P) 0
(0, pX.1bx) {{o, ¥x) }
(0, X) {{v, ¥x)}
Refuter
Position Admissible moves
(0, 91 A p2) {{o, ¥1), (v, ¥2)}
(v, =) {(u, ) | v X v} and exchange roles
(0,91 — P2) {{u, ¥o?e1) [ v 2 0}
(0, Otb) {{(), %) [v 2 u}
(o, O0v) {[ul, ¥) | v 2 u}
([0], ¥) {{u,¥) | o C u}
(v,P) and v € V(P) 0
(0, vX.9px) {(w, ¥x)}
(0, X) {{o,¥x) }
(0,%),v € WL and ¢ € Sub(p) 0
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POSITIVENESS — A TECHNICAL POINT

Proposition
Suppose that X is positive in ¢(X), then ', (X) is monotone.
X is positive and negative in P;

X is positive in X ;
if Y # X, X is positive and negative in Y';

vVvyyy

if X is positive (negative) in ¢, then X is negative (positive)
in —p;

v

if X is positive (negative) in ¢ and 1), then X is positive

(negative) in ¢ A ¢, ¢ V 1), and Ayp;

» if X is negative (positive) in ¢ and positive (negative) in 1,
then X is negative (positive) in ¢ — 1;

» X is positive and negative in nX.¢.
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CS5

CS5 is obtained by adding to CK the axioms:

> T:=0p — pAp— Oyp;

> 4 :=p — O0p A OOp — Op; and

> 5:=0p — O0p A OUp — O
A CS5 model is a constructive Kripke model (W, W+, < R, V)
where R is an equivalence relation.

Theorem (Essentially Ono and Fischer-Servi)

CS5 is complete over CS5 models.
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COLLAPSE

Lemma
Let M = (W, W=, <, =, V) bea CS5 model and w <;= w'. Then

M, w = Ay implies M, w' = Ay,
where A € {00, O}
At any long enough game, we will have positions:
(wX.p,w)y — - — (h,v) — -+ = (T, ') — -+

We can use this fact to show that p(o(T)) = p(p(e(T))).
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1GCS5 IS COMPLETE

nGCS5 is obtained by adding to CS5 the axioms:
> vX.0 = p(vX.p);
> o(pX.p) = pX.p;

and the rules:

Y = p(y) and o) = ¢

v — vX.p uX.o =’
Theorem
uGCS5 is complete over CS5 frames.

Using the collapse to modal logic, we can lift the completeness
of CS5 to the completeness of nCS5.
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THANK YOU!

» Game semantics for the constructive p-calculus.

» The p-calculus collapses to modal logic over CS5 frames.
» 1CS5 is complete over CS5 frames.

» Next step: show that ;CK is complete over CK frames.

For detailed proofs and references, see the preprint: L. Pacheco,
“Game semantics for the constructive p-calculus”,
arXiv:2308.16697.



	Constructive Modal Logic
	Axiomatization
	Semantics
	Game semantics for modal logic
	Variations

	mu-calculus
	Basic definitions
	One fixed-point operator
	More fixed-point operators
	Positiveness

	muCS5
	CS5
	Collapse
	Completeness

	

