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MAIN RESULTS

Completeness for fully-labeled non-wellfounded proof systems
for non-classical variations of the modal p-calculus:

Theorem
» labuCK, = ¢ iff CK = ¢;

> labulK, F ¢ iff IK = ¢;
» labuGK, F ¢ iff GK = .

We make essential use of game semantics for the constructive
u~calculus.
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CONSTRUCTIVE MODAL LOGIC

» “Minimal” modal logic based on IPC.

» Models of the form (W, W, < R, V), where
» < is the intuitionistic relation,
» R is the modal relation.
» Extend the valuation by:
» M, w = Opiff, for all v,u € W, if w < v and vRu, then
M,u = ¢;
> M,w = Qpiff, for allv € W, if w < v there is u such that
vRu and M, u |= ¢.
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INTUITIONISTIC AND GODEL-DUMMETT MODAL
LOGICS

For intuitionistic modal logics, require:

For Godel-Dummet modal logics, further require:
» ifw<vandw <X u,thenv < uoru < v.
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CONSTRUCTIVE p-CALCULUS

Add least and greatest fixed-points:
> [|pX.p(X)] = LEP(X = [[o(X)[]);
> [[X.p(X)|| = GFP(X = [[o(X)]));
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OUTLINE OF G(M, w = ¢)

Two players:
» land Il
Two roles:
» VandR.
Positions of the form:
> (w,p,Q).
Discuss wether:
> M,w = .
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RULES FOR V
Position Admissible moves
(v,P,Q)and v & V(P) 0
(v, 1,Q)and v ¢ W+ 0
(v, v 0,Q) {(v,9,Q),(v,6,Q)}
(v,70,Q) {(v,4,Q), (v,0,Q)}
(v, 09, Q) {(u,9,Q) | vRu}
(v, uX.x, Q) {(v,¢x, Q)}
(v,X,Q) {{v, uX.4px, Q)}
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RULES FOR R

Position
(v,P,Q) and v € V(P)
(v, L,Q)and v € Wt

(v, N6,Q)
(v, — 6,Q)
(0,00, Q)
(v, 01, Q)
(v,vX.px, Q)
(v,X,Q)

Admissible moves
0

0

Q). (v,6,Q)}
(1,176,Q) | 0 < v}
(u,v,Q) | v X;Ru}
(u <>w, Q) [v=u}

{(v,9x),Q}

{{0,vX.4x, Q)}
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EQUIVALENCE

The birelational Kripke semantics and game semantics for CK
are equivalent.

Theorem
IfM = (W,W+ < R, V) isa CK-model, w € Wand ¢ isa
well-named u-sentence, then:
» | has a winning strategy for G(M, w |= ) if and only if
M,w = p; and
» |l has a winning strategy for G(M,w = ) if and only if
M, w = o.
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FULLY-LABELED SEQUENTS

» Labeled formulas:

X:p
» Labeled sequents:
R,TF A,
where R is a collection of statements of the forms

> x =y,
> X'Ry'.
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SOME RULES — [
RIT,x:pA, x:0,x:0 FA
RT, x: oA, FA

Al

RITEAXx: oAU, Xx: ¢ RITEFAXx: oA, x: 0
RTHFA x:pA®

AT

R, xRy,I',x: 0p, y:p F A
Ol (y fresh)
R, I, x:0p FA

Rx<y,yRz,TF A x:Op, y: ¢
Or (v, z fresh)
R,THFA, x: Oy

Rx=<yly:pFAx:p—=19Y, y:¢
—T (y fresh)
RTHFA x:¢o—
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SOME RULES — 11

R,T,x:nX.px, x:px FA
R,[, x:nX.ox A

7l

R,TFAx:nXpx, x:px
R,IT'F A x:nXp

nr

RT,x: X, x:px FA
RT,x: X FA

regen-1

R,THAx:X, x:¢x
RI'FA x: X

regen-r
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A SIMPLE EXAMPLE — nX.[OX

x ¥, ¥Ry,y <y, yRzt-z: X
x 2 x', xRyt y : OX
x 2x,XRyFy: X
Fx:0OX
Fx:nX.0OX
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SOUNDNESS — REFUTATIONS

Let:
» o be a sentence,

» S =R, I'+ Abe asequent where all formulas are
subformulas of ¢,

» M= (W,W+, < R, V) be a CK-model, and
» 7 be a strategy for Il on G(M,w |= ¢).
A function r : £(S) — W is a T-refutation of S on M iff
» forall x,y € ¢(S), xRy € Rimplies r(x)Rr(y) and x <y € R
implies r(x) < r(y);
» if x: ) €T, then 7 is a winning strategy for Il at (r(x), ¥, R);
and

» if x : ¢y € A, then 7 is a winning strategy for |l at
(r(x), ¥, V).
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SOUNDNESS — PROOF SKETCH

Suppose T is a proof if ¢ and M, w = ¢.
There is 7 winning for Il in G(M, w = ¢).
The root Sy of T is T-refuted by rg : x — w.

If S; is T-refuted by r;, there is refutation r;; and a premise
Siy1 such that 7,1 is a 7-refutation of S; 1.

» The trace conditions of games and proofs contradict.
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COMPLETENESS

» By a proof(model?)-search argument.

v

Keep “saturating” the leaves of the partial proof tree.

» For example,

Rx=yly:pFAx:p—=Yy:9¢
-t RIFAx: 0o 9 (y fresh)
where there is no z such that x < z is not in the lower

sequent and z : ¢ is not on the right of the lower sequent.

» If we ensure every such non-saturated formula is
saturated, we get either a proof or a counterexample.
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MAIN RESULTS AND ONGOING WORK

Theorem
» labuCK, - ¢ iff CK = ¢;

> labulK, F ¢ iff IK = ¢;
» labuGK, F ¢ iff GK = .

Ongoing work: decidability via cyclic proof systems.
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